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Abstract. We study Fano manifolds of pseudoindex greater than one and 
dimension greater than five, which are blow-ups of smooth varieties along 
smooth centers of dimension equal to the pseudoindex of the manifold. 
We obtain a classification of the possible cones of curves of these manifolds, and 
we prove that there is only one such manifold without a fiber type elementary 
contraction. 



1. Introduction 

A smooth complex projective variety X is called Fano if its anticanonical bundle 
—Kx is ample; the index rx of X is the largest natural number m such that 
— Kx = rnH for some (ample) divisor H on X, while the pseudoindex ix is the 
minimum anticanonical degree of rational curves on X. 

By the Cone Theorem the cone NE(X) generated by the numerical classes of ir- 
reducible curves on a Fano manifold X is polyhedral. By the Contraction Theorem 
to each extremal ray of NE(A) is associated a contraction, i.e. a proper morphism 
with connected fibers onto a normal variety. 

A natural question which arises from the study of Fano manifolds is to investigate 
- and possibly classify - Fano manifolds which admit an extremal contraction with 
special features: for example, this has been done in many cases in which the con- 
traction is a projective bundle [M HH [20], [23] HI SI] , a quadric bundle [28] or a 
scroll [5llT6]. 

Recently, Bonavero, Campana and Wisniewski have considered the case where 
an extremal contraction of X is the blow-up of a smooth variety along a point, 
giving a complete classification [§]. The case where the center of the blow-up is 
a curve has shown to be much more complicated. A complete classification in 
case ix > 2 has been obtained in [4], following a more general theorem, where 
the classification of Fano manifolds with a contraction which is the blow-up of a 
manifold along a smooth subvariety of dimension < ix — 1 is achieved. As for Fano 



manifolds of pseudoindex ix = 1 which are blow-ups of smooth varieties along a 
smooth curve, some special cases have been dealt with in the PhD thesis of Tsukioka 
[25] (partially published in [24]). 

Considering the case when the dimension of the center of the blow-up is ix > 2, 
the lowest possible dimension of the manifold is five; the cones of curves of such 
varieties are among those listed in the in [11] . where the cone of curves of Fano 
manifolds of dimension five and pseudoindex greater than one were classified. Under 
the stronger assumption that rx > 2 the complete list of Fano fivefolds which are 
blow-ups of smooth varieties along smooth surfaces has been given in [12j . 

In this paper we propose a generalization of both the results in [4] and in [12j , 
considering Fano manifolds of dimension greater than five with a contraction which 
is the blow-up of a manifold along a smooth subvariety of dimension ix > 2. 
We will first give a classification of the possible cones of curves of these varieties: 

Theorem 1.1. Let X be a Fano manifold of pseudoindex ix > 2 and dimension 
n > 6, with a contraction a: X —t-Y , associated to an extremal ray R a , which is a 
smooth blow-up with center a smooth subvariety B of dimension dim B — ix- 
Then the possible cone of curves of X are listed in the following table, where F 
stands for a fiber type contraction and D n s for the blow-up of a smooth variety 
along a smooth subvariety of codimension three. 
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We will then prove that there is only one Fano manifold satisfying the assump- 
tion of Theorem 11.11 whose cone of curves is as in case (b) - or, equivalently, which 
does not admit a fiber type contraction: 

Theorem 1.2. Let X be a Fano manifold of dimension n > 6 and pseudoindex 
ix > 2, which is the blow-up of another Fano manifold Y along a smooth subvariety 
B of dimension ix ; assume that X does not admit a fiber type contraction. 
Then Y ~ G(l, 4) and B is a plane of bidegree (0, 1). 

We note that, in view of the classification given in Theorem 11.11 Generalized 
Mukai conjecture [3 [2] holds for the Fano manifolds we are considering. 
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Let us point out that the assumption ix > 2 is essential for our methods, as 
well as for the ones used in [4] , [11] and [12] , on which they are based. 

The proofs of Theorems 11.11 and 1 1 . 21 are contained in section 5 and 6. In section 
five we consider manifolds which possess a quasi-unsplit dominating family, proving 
that they are as in Theorem ll.il cases (a) and (c)-(e). 

In section six we consider manifolds which do not possess a family as above, proving 
first that their cone of curves is as in case (b), and then that the only manifold is 
the blow-up of G(l, 4) along a plane of bidegree (0, 1). 

2. Background material 

2.1. Fano-Mori contractions. Let A be a smooth Fano variety of dimension 
n and let Kx be its canonical divisor. By Mori's Cone Theorem the cone NE(A) of 
effective 1-cycles, which is contained in the R- vector space N 1 (X) of 1-cyles modulo 
numerical equivalence, is polyhedral; a face r of NE(A) is called an extremal face 
and an extremal face of dimension one is called an extremal ray. 

To every extremal face r one can associate a morphism p : X — > Z with connected 
fibers onto a normal variety; the morphism tp contracts those curves whose numer- 
ical class lies in r, and is usually called the Fano-Mori contraction (or the extremal 
contraction) associated to the face r. A Cartier divisor D such that D = p* A for 
an ample divisor A on Z is called a supporting divisor of the map tp (or of the face 
t). 

An extremal ray R is called numerically effective, or of fiber type, if dim Z < dim AT, 
otherwise the ray is non nef or birational; the terminology is due to the fact that if 
R is non nef there exists an irreducible divisor Dr which is negative on curves in R. 
We usually denote with E = E(ip) := {x e X dim tp^ 1 (tp(x)) > 0} the exceptional 
locus of ip; if tp is of fiber type then of course E = X. If the exceptional locus of a 
birational ray R has codimension one, the ray and the associated contraction are 
called divisorial, otherwise they are called small. 

2.2. Families of rational curves. For this subsection our main reference is 
[15j . with which our notation is coherent; for missing proofs and details see also [2] 
and [TT] . 

Let X be a normal projective variety and let Hom(P 1 , X) be the scheme parametriz- 
ing morphisms /: P 1 — + X; we consider the open subscheme Hombi r (P 1 ,A) C 
Hom(P 1 , A), corresponding to those morphisms which are birational onto their im- 
age, and its normalization Hom^ r (P 1 , A); the group Aut(P 1 ) acts on Hom^ ir (P 1 , A) 
and the quotient exists. 
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Definition 2.1. The space Ratcurves"(X) is the quotient of Hom^ r (P 1 , X) 
by Aut(P 1 ); we define a family of rational curves to be an irreducible component 
V C Ratcurves"(X). 

Given a rational curve /: P 1 — » X we will call a family of deformations of / any 
irreducible component V C Ratcurves n (X) containing the equivalence class of /. 

Given a family V of rational curves, we have the following basic diagram, where 
p is a P^bundle induced by the projection Hom« r (P\X) xP 1 ^ Hom^ r (P 1 ,X) 
and i is the map induced by the evaluation ev: Hom^ r (P 1 ,X) x P 1 — > X via the 
action of Aut(P 1 ): 

p-^V) =: U — X 
p 

V 

We define Locus(y) to be the image of U in X; we say that V is a dominating 
family if Locus(F) = X. 

Remark 2.2. If V is a dominating family of rational curves, then its general 
member is a free rational curve. In particular, by }15| II.3.7], if B is a subset of X 
of codimcnsion > 2, a general curve in V does not meet B. 

Corollary 2.3. Let a: X — > Y be a smooth blow-up with center B of codi- 
mension > 2 and exceptional locus E, let V be a dominating family of rational 
curves for Y and let V* be a family of deformations of the strict transform of a 
general curve in Y . Then E ■ V* =0. 

For every point x G Locus(V), we will denote by V x the subscheme of V 
parametrizing rational curves passing through x. 

Definition 2.4. Let V be a family of rational curves on X. We say that 

• V is unsplit if it is proper; 

• V is locally unsplit if every component of V x is proper for the general 
x G Locus(y). 

Proposition 2.5. |15l IV. 2. 6] Let X be a smooth projective variety and V an 
unsplit family of rational curves. Then for every point x G Locus(V r ) we have 

(a) dim - K x ■ V < dimLocus(V) + dimLocus(T4) + 1; 

(b) -K x ■ V < dimLocus(F x ) + 1. 
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In case V is the unsplit family of deformations of an extremal rational curve of 
minimal degree, Proposition [23] gives the fiber locus inequality: 

Proposition 2.6. |13|, [27] Let p be a Fano-Mori contraction of X and E its 
exceptional locus; let F be an irreducible component of a (non trivial) fiber of (p. 
Then 

dim E + dim F > dim X + 1-1 

where I = min{— Kx ■ C \ C is a rational curve in F}. If ip is the contraction of an 
extremal ray R, then I is called the length of the ray. 

Definition 2.7. We define a Chow family of rational curves V to be an irre- 
ducible component of Chow(X) parametrizing rational and connected 1-cycles. 
If V is a family of rational curves, the closure of the image of V in Chow(X) is 
called the Chow family associated to V. We will usually denote the Chow family 
associated to a family with the calligraphic version of the same letter. 

Definition 2.8. We denote by Locus(V\ . . . , V k ) the set of points x € X such 
that there exist cycles C±, . . . , C/. with the following properties: 

• Ci belongs to the family V 1 ; 

. c t n a+i ^ 0; 

• x e Ci u • • • u C fc , 

i.e. Locus^ 1 , . . . , V k ) is the set of points which belong to a connected chain of k 
cycles belonging respectively to the families V 1 , . . . , V fe . 

Definition 2.9. We denote by Locus^ 1 , . . . , V k )y the set of points x e X 
such that there exist cycles C\, . . . , Ck with the following properties: 

• Ci belongs to the family V z ; 

• d n C l+1 ^ 0; 

• Ci nr ^ and x E C k , 

i.e. LocusCV 1 , . . . , V k )y is the set of points that can be joined to Y by a connected 
chain of k cycles belonging respectively to the families V 1 , . . . , V k . 

Definition 2.10. Let V 1 , . . . , V k be unsplit families on X. We will say that 
V 1 , . . . , V k are numerically independent if their numerical classes [V 1 ], . . . , [V k ] are 
linearly independent in the vector space Ni(X). If moreover C C X is a curve we 
will say that V 1 , . . . , V k are numerically independent from C if the class of C in 
Ni(X) is not contained in the vector subspace generated by [V 1 ], . . . , [V k ]. 

Lemma 2.11. [2] Lemma 5.4] Let Y C X be a closed subset and V an unsplit 
family. Assume that curves contained in Y are numerically independent from curves 

in V , and that Y f] Locus(V) ^ 0. Then for a general y G Y PI Locus(F) 
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(a) dimLocus(V)y > dim(Y~ n Locus(V)) + dimLocus(Vy); 

(b) dimLocus(V r )y > dimF - K x • V - I. 

Moreover, ifV 1 ,...,V k are numerically independent unsplit families such that 
curves contained in G are numerically independent from curves in V 1 , ... , V k then 
either LocusfV 1 , . . . , V k )y = or 

(c) dimLocus(V\ . . . , V k ) Y > dimF + • V 1 ) - k. 

Definition 2.12. Wc define on X a relation of rational connectedness with 
respect to V 1 , . . . , V k in the following way: x and y are in rc^V 1 , . . . , V fc )-relation 
if there exists a chain of rational curves in V , . . . , V k which joins x and y, i.e. if 
y € ChLocus m (V 1 , . . . , V k ) x for some m. 

To the rcCV 1 , . . . , V fc )-relation we can associate a fibration, at least on an open 
subset. 

Theorem 2.13. [10], [HI IV. 4. 16] There exist an open subvariety X° C X 
and a proper morphism with connected fibers ir : X° — » Z° such that 

(a) the re(V j ■ ■ ■ , V ) -relation restricts to an equivalence relation on X°; 

(b) the fibers of ir are equivalence classes for the rc{V l , . . . , V ) -relation; 

(c) for every z € Z° any two points in n (z) can be connected by a chain of 
at most 2 dimX - dimZ - 1 cycles mV 1 ,...,V k . 

Definition 2.14. In the above assumptions, if ir is the constant map we say 
that X is rc(V x , ■ ■ • , V fe )-connected. 

Definition 2.15. A minimal horizontal dominating family with respect to ir is 
a family V of horizontal curves such that Locus(V) dominates Z° and — K x ■ V is 
minimal among the families with this property. 

If 7r is the identity map we say that V is a minimal dominating family for X . 

Definition 2.16. Let V be the Chow family associated to a family of rational 
curves V. We say that V is quasi-unsplit if every component of any reducible cycle 
in V is numerically proportional to V. 

We say that V is locally quasi-unsplit if, for a general x € Locus(V) every component 
of any reducible cycle in V x is numerically proportional to V 

Note that any family of deformations of a rational curve whose numerical class 
lies in an extremal ray of NE(X) is quasi-unsplit. 

Lemma 2.17. Let X be a manifold and let L be a line bundle on X Let V be a 
family of rational curves such that L ■ V > 0. Then there exists an unsplit family 
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V L such that L ■ V L > and 

[V] = [V L ] + [A}, 
where A is an effective rational one cycle. 

Proof. If V is unsplit there is nothing to prove, so assume that the associated 
Chow family V contains a reducible cycle then for at least one i we have 

L ■ Ti > 0. 

Let V 1 be a family of deformations of if V % is unsplit set V L = V' 1 , otherwise 
let ^2Tij be a reducible cycle in the associated Chow family V 1 : then for at least 
one j we have L ■ Tij > 0. 

Let V IJ be a family of deformations of ; if V IJ is unsplit set V L = , otherwise 
continue as above. Since the degree of V with respect to an ample line bundle is 
finite the procedure ends after a finite number of steps. □ 

Notation: Let S be a subset of X. We write N^S) = (V 1 , . . . , V k ) if the nu- 
merical class in N X (X) of every curve C C S can be written as [C] = ctifCi], with 
Oi E Q and d e V\ We write NE(5) = (V 1 , . . . , V k ) (or NE(5) = {R u . . . , R k )) 
if the numerical class in Ni(Jf) of every curve C C S can be written as [C] = 
J2> Oi[Ci], with a, e Q> and C l G V 1 (or [Q] in it^). 

LEMMA 2.18. [6, Lemma 1.4.5], ;19l Lemma 1], [HI Corollary 2.23] LetY C X 
be a closed subset and V an unsplit family of rational curves. Then every curve con- 
tained in Locus(y)y is numerically equivalent to a linear combination with rational 
coefficients 

aC Y + bC v , 

where Cy is a curve in Y, Cy belongs to the family V and a > 0. 
Moreover, i/E is an extremal face o/NE(X), Y is a fiber of the associated contrac- 
tion and [V] does not belong to E, then 

NE(ChLocus m (y)y) = (S, [V]) for every m > 1. 

3. Dominating families and Picard number 

We collect in this section some technical result that we will need in the proof. 
The first is a variation of a classical construction of Mori theory, and says that, 
given a family of rational curves V and a curve C contained in Locus(Va;) for an x 
such that V x is proper we have [C] = a[V]. 

The only new remark - which already followed from the old proofs, but, to our best 

knowledge, was not stated - is the fact that a is a positive integer. 
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Lemma 3.1. Let X be a smooth variety, V a family of rational curves on X , 
x G Locus(V r ) a point such that V x is proper and C a curve contained in Locus(V r a; ). 
Then C is numerically equivalent to an integral multiple of a curve in V . 

Proof. Consider the basic diagram 

(3.1.1) p -i(y a ) = . Uw -L+ x 



Vr 

Let C be a curve contained in Locus (V x ); if C is a curve parametrized by V we 
have nothing to prove, so we can suppose that this is not the case. 
In particular we have that i _1 (C) contains an irreducible curve C which is not 
contained in a fiber of p and dominates C via i; let S' be the surface p~ 1 (p(C')), 
let B' be the curve p(C) C V x and let v; B — > B' be the normalization of B' . By 
base change we obtain the following diagram 

s B u x -U. x 



B—^+V x 

Let now S — > Sb be the normalization of Sb', by standard arguments (see for 
instance [261 1.14]) it can be shown that S is a ruled surface over the curve B; let 
j : S — > X be the composition of i, v and (i. Since every curve parametrized by S 
passes through x there exists an irreducible curve C x C S which is contracted by 
j', by [151 II. 5. 3. 2] we have < 0, hence C x is the minimal section of S. 
Since every curve in S is algebraically equivalent to a linear combination with 
integral coefficients of C x and a fiber /, and since C x is contracted by j, every 
curve in j(S) is algebraically equivalent in X to an integral multiple of j*(f), which 
is a curve of the family V; but algebraic equivalence implies numerical equivalence 
and so the lemma is proved. □ 

Corollary 3.2. Let X be a smooth variety of dimension n and let V be a 
locally unsplit dominating family such that —Kx • V = n + 1; then X ~ P n . 

Proof. For a general point x G X we know that V x is proper and X = 
Locus(V r a: ) by Proposition 12.51 (b). Therefore, by Lemma |3. 11 for every curve C in 
X we have — Kx ■ C > n+ 1 and we can apply |14[ Theorem 1.1]. □ 

Remark 3.3. The corollary also followed from the arguments in the proof of 
[141 Theorem 1.1]. 



In the rest of the section we establish some bounds on the Picard number of 
Fano manifolds with minimal dominating families of high anticanonical degree. 

Lemma 3.4. Let X be a Fano manifold of dimension n > 3 and pseudoindex 
ix > 2 with a minimal dominating family W such that —Kx'W > 2; if X contains 
an effective divisor D such that NE(Z?) = ([W]) then px = 1. 

Proof. The effective divisor D has positive intersection number with at 
least one of the extremal rays of X. Let R be such a ray, denote by tp R the 
associated contraction and by V a family of deformations of a minimal rational 
curve in R. 

If the numerical class of W does not belong to R then D cannot contain curves 
whose numerical class is in R, therefore every fiber of ifn is one-dimensional. 
By Proposition 12.61 this is possible only if l(R) < 2 and therefore, since l(R) > ix, 
it must be l(R) = ix = 2. 

Since every fiber of <pn is one-dimensional we have, for every x G Locus(V^) that 
dim Locus (V^) = 1 and therefore, by Proposition ^. 51 (a) V R is a dominating family. 
But, recalling that 

2 = -K x ■ V R < -K x ■ W, 
we contradict the assumption that W is minimal. 

It follows that [W] £ R, so the family W is quasi-unsplit and D ■ W > 0; hence X 
can be written as X = Locus(W)d, and by Lemma \2. 181 we have px = 1. □ 

Corollary 3.5. Let X be a Fano manifold of dimension n > 3 and pseudoin- 
dex ix > 2 which admits a minimal dominating family W such that —Kx - W > n; 
then px = I- 

Proof. Let x s X be a general point; every minimal dominating family is 
locally unsplit, hence NE(Locus(W x )) = {[W]) by Lemma 1^151 
By Proposition 12.51 we have dimLocus(Wa;) > —Kx • W — 1 > n — 1, so either 
X = Locus(Wx) or Locus(W^) is an effective divisor verifying the assumptions of 
Lemma [331 In both cases we can conclude that px = 1- □ 

Lemma 3.6. Let X be a Fano manifold of dimension n > 3 and pseudoindex 
ix > 2, with a minimal dominating family W such that —Kx • W = n — 1; let 
U C X be the open subset of points x £ X such that W x is unsplit. If a general 
curve C ofWis contained in U then either Locus(Vy)c is a divisor and px = 1 or 
there exists an unsplit family V such that —Kx - V = 2. D := Locus(V) is a divisor 
and D ■ W > 0. 
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Proof. Let C be a general curve in W and consider Locus(I / F)c; by our 
assumptions we have NE(Locus(W / )c) = ([W]) and dimLocus(VF)c > n — 2. 
If X = Locus(W / )c then clearly px — 1, while if Locus(W / )c has codimension one 
we conclude by Lemma 13.41 

Therefore we can assume that, for a general C in W, each component of Locus(l / F)c 

has codimension two in X. The fibration tt: X >■ Z associated to the open 

prerelation defined by W is proper, since a general fiber F coincides with Locus(W x ) 
for a general x £ F and Locus(W x ) is closed since W is locally unsplit. 
Being 7r proper there exists a minimal horizontal dominating family V with respect 
to 7r; since the general fiber of 7r has dimension n — 2, then diraZ = 2, hence for a 
general x £ Locus(^) we have dimLocus(V^) < 2. 

It follows that V is an unsplit family, which cannot be dominating by the minimality 
of W, so dimLocus(T4) > «x > 2, and 13 = Locus(V r ) is a divisor by Proposition 
12.51 Since D dominates Z we have D ■ W > 0. □ 

4. Fano manifolds obtained blowing-up non Fano manifolds 

We start now the proof of our results. Let us fix once and for all the setup and 
the notation: 

4.1. X is a Fano manifold of pseudoindex ix > 2 and dimension n > 6, which 
has a contraction a: X — > Y which is the blow-up of a manifold Y along a smooth 
subvariety B of dimension ix ■ We denote by R a the extremal ray corresponding to 
a, by I (j its length and by E its exceptional locus. 

Remark 4.2. The assumption on dimi? is equivalent to 

l<r + ix = n - 1. 

In this section we will deal with Fano manifolds as in Theorem 11.11 which are 
obtained as a blow-up a: X — > Y of a manifold Y which is not Fano. It turns out 
that there is only one possibility (Corollary 14. 4[) we start with a slightly general 
result: 

Theorem 4.3. Let X, R a and E be as in \4-.l\ and assume that there exists on 
X an unsplit family of rational curves V such that E ■ V < 0; then either [V] G R a 
orX = P P „- 3xP 2(0(l, 1) © 0(2, 2)). 

Proof. Since E ■ V < then Locus(V^) C E, so V is not a dominating family. 
Pick x £ Locus(l/) and let F a be the fiber of a through x; we have 

dimi? > dimLocus(I4) + dimFo- > ix + la > n — 1, 
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so all the above inequalities are equalities; in particular we have dimLocus(T4:) = ix 
and so, by Proposition 12.51 

dimLocus(V) > n + ix ~ 1 — dimLocus(Vy = n — 1, 

hence Locus(V^) — E; therefore the above (in)cqualities are true for every x G E. 
It follows that a is equidimensional and so it is a smooth blow-up by [3J Theorem 
5.1]. 

Considering V as a family on the smooth variety E we can write 

n — l + ix = dimLocus(y) + dim Locus(14) > —Ke ■ V + n — 2, 
therefore — Ke • V < ix + 1; on the other hand 

-K E ■ V = -K x - V - E -V >i x + l, 
forcing —K E ■ V = ix + 1 and E -V = -1. 

Then on E we have two unsplit dominating families of rational curves verifying the 
assumptions of [191 Theorem 1], hence E ~ P 4x x ¥ la ; in particular pe = 2. 
Now let R be an extremal ray of X such that E ■ R > 0; by |18i Corollary 2.15] the 
contraction tp R associated to R is a P 1 -bundle; in particular, by Proposition 12.61 
this implies that ix = 2. 

Moreover, denoted by V R a family of deformation of a minimal rational curve in R, 
we have X = 1jOcus{V r )e, so px = 3 and the description of X is obtained arguing 
as in the proof of Proposition 7.3 in [18] . □ 

Corollary 4.4. In the assumptions of Theorem l 1 . 1\ either Y is a Fano man- 
ifold or X = P P n- 3xP 2 (0(1,1) 8 0(2,2)), Y ~ P p2 (O © O(l)"- 2 ) and B ~ P 2 is 
the section corresponding to the surjection O © 0(l) n ~ 2 — * O. 

Proof. If Y is not Fano then by [271 Proposition 3.4] there exists an extremal 
ray R' 6 NE(X) such that E ■ R' < 0. □ 

Remark 4.5. Note that, if X ~ P P „- 3xJp2 (0(l, 1) © 0(2,2)), then NE(Jf) is 
generated by three extremal rays: one - the P 1 -bundle contraction - is of fiber 
type, while the other two are smooth blow-ups with the same exceptional locus. In 
particular NE(X) is as in Theorem ll.il case (d). 

Corollary 4.6. Let X, R a and E be as in \ assume that Y is a Fano 
manifold and that there exists on X a family of rational curves V such that E-V < 0; 
then —Kx ■ V > l a ; moreover, ifV is unsplit then [V] S Ra- 
il 



Proof. Arguing as in Lemma [2. 171 we can find an unsplit family V E such that 
E ■ V E < and [V] = [V E ] + [A]. By Theorem S3] we have that [V E ] G R a , hence 

-K x ■ V > -K x ■ V E > l a . 

To prove the last assertion note that, if V is an unsplit family, we can apply Theorem 
S3] directly to V. □ 

5. Manifolds with a dominating (quasi)-unsplit family 

In this section we will describe the cone of curves of Fano manifolds as in 14.11 
which admit a dominating quasi-unsplit family of rational curves W, and such that 
the target of the blow-up a: X — » Y is a Fano manifold. 

If the family W is quasi-unsplit but not unsplit then the result can be obtained 
easily: 

Lemma 5.1. Assume that W is not unsplit; then px = 2, ix = 2 onrfNE(X) = 

(Ra,W\). 

Proof. Since W is not unsplit we have —Kx • W > 2ix- Consider the 
associated Chow family W and the rcW-fibration tt: X >■ Z; since a gen- 
eral fiber of 7r contains Locus(W / 2; ) for some x, and by Proposition 12.51 we have 
dim Locus (VFz) > —Kx ■ W > 2ix — 1 we have 

dim Z < n + 1 — 2ix < n — 1 — ix = dim F a , 

where F a is a fiber of a. 

A family V of deformations of a minimal curve in R a is thereby horizontal and 
dominating with respect to tt; moreover, since F a dominates Z we have that X = 
Locus(W) F „, hence NE(A) = {R a , [W]) by LemmaEH] □ 

In view of Lemma 15.11 we can assume throughout the section that W is an 
unsplit dominating family. 

Lemma 5.2. Let X be a Fano manifold with px — 3. Assume that there exists 
an effective divisor E which is negative on one extremal ray R of NE(A) and is 
nonnegative on the other extremal rays. If E ■ C = for a curve C C X whose 
numerical class lies in <9NE(A), then [C] is contained in a two-dimensional face of 
NE(A) which contains R. 

Proof. By assumption, neither E nor — E are nef, hence the hyperplane 
{E = 0} has nonempty intersection with the interior of NE(A). Let E be a two- 
dimensional face of NE(X) containing [C]: by the above discussion E cannot be 
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trivial on the whole face E. 

Therefore, if [C] lies in the interior of E then E must be negative on one of the rays 
spanning E, hence R £ E. If [C] lies on an extremal ray, then E has different sign 
on the rays which span with [C] a two-dimensional face of NE(JT), so E is negative 
on one of them, which has to be R. □ 

Lemma 5.3. Assume that there exists an extremal ray R T such that [W] ^ R T 
and either E ■ R T > or E ■ W > 0. Then every fiber of the contraction r associated 
to R T has dimension not greater than two. In particular r is either a fiber type 
contraction or a smooth blow-up of a codimension three subvariety, and in this case 
the exceptional locus of r is Exc(r) = Locus(lT r , V t )f^, for some fiber F a of a. 

Proof. Let F T be a fiber of r. If E ■ R T > there exists a fiber F a of a 
which meets F T ; since W is dominating we have F„ C Locus(M / )f„ and therefore 
F T n LocusfW)^ ^ 0. 

If else E ■ W > then E n Locus(W)f t ^ 0, so there exists a fiber F a of a such 
that Fa- l~l Locvls(W)f t ^ 0; equivalently, we have that F T n Locus(IL / )f„ 7^ 0- 
In both cases, this intersection cannot be of positive dimension, since every curve 
in F T has numerical class belonging to R T , while every curve in Locus(M / )f„ has 
numerical class contained in the cone (R a , [W]}. By our assumptions 

dimLocus(M / )F„ > dimiv + ix — 1 > l a + ix — 1 > n — 2, 

hence dimF T < 2. Proposition 12.61 implies that r cannot be a small contraction; if 
it is divisorial, by the same inequality it is equidimensional with two-dimensional 
fibers, so it is a smooth blow-up by [3, Theorem 5.1]. 

In this last case, denoted by V T a family of deformations of a minimal curve in R Tl 
we have 

dimLocus(W^, V t )f„ > n — 1, 
hence Exc(r) = Locus(M / , V t )f cj - □ 

Lemma 5.4. Assume that E ■ W — 0. Let n: X > Z be the rcW -fibration 

and let V be a minimal horizontal dominating family with respect to it. Then R a , 
W and V are numerically independent. In particular px > 3. 

Proof. Since E ■ W — 0, E does not dominate Z, hence E cannot contain 
Locus (V) and therefore E ■ V > 0. 

Let TL be the pull-back to X of a very ample divisor in Pic(Z); TL is zero on curves 
in the family W and it is positive outside the indeterminacy locus of 7r; in particular 

n-v > 0. 

If [V] were contained in the plane spanned by R a and [W] we could write [V] — 
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a [V '] + /3[W], but intersecting with E we would get a < 0, while intersecting with 
TL we would get a > 0, a contradiction which proves the lemma. □ 

Proposition 5.5. Assume that E ■ W = 0. Let n be the rcW -fibration and let 

V be a minimal horizontal dominating family with respect to it. Then V is unsplit. 

PROOF. Assume first that E ■ V > 0. 
If V is not unsplit we will have, for a general x £ Locus(V), that 

dimLocus(T4) > 2ix — 1 > 3. 

Since E ■ V > 0, then E n Locus(V^) ^ 0, therefore Locus(V^) meets a fiber F a 
of a. Moreover, since W is dominating, F a C Locus{W)f„ and so the intersection 
Locus(I4) n Locus(M^)f ct is not empty. This fact, together with 

dimLocus(W / )F CT > la + ix — 1 > n — 2, 

implies that Locus(W)f< t contains a curve whose class is proportional to [V], a 
contradiction by Lemma T5. 41 since NE(Locus(iy)F„ ) = ([W),R a ). 

We will now deal with the harder case E ■ V = 0, assuming by contradiction 
that V is not unsplit. 

We claim that E has non zero intersection number with at least one component 
of a cycle in the Chow family V. To prove the claim, consider the rc(W, V)-fibration 
Kwy] a general fiber of ttw,v contains Locus(V, W) x for some x, so it has dimension 
> Hx - 2. 

Since E is not contained in the indeterminacy locus of ttw,v - which has codimension 
at least two in X - it meets some fiber G of ttw,v which, by semicontinuity, has 
dimension > 3ix — 2. Therefore there exists a fiber F a of a such that F a n G ^ 0. 
and, for such a fiber we have 

dim(F CT n G) > l a + 3i x - 2 - n > 2i x - 3 > 1; 

Let C be a curve in F a n G; since C C F a we have E ■ C < 0; on the other hand, 
since C <Z G the numerical class of C can be written as a linear combination of 
[W] and of classes of irreducible components of cycles in V. Since E ■ W = we see 
that E cannot have zero intersection number with all the components of cycles in 

V and the claim is proved. 

So in V there exists a reducible cycle T = Y2i=i such that E ■ T\ < 0. 
Applying Lemma 12.171 we find an unsplit family T on which E is negative and such 
that [Ti] = [T] + [A], with A an effective rational 1-cycle. 
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Since Y is a Fano manifold, by Corollary 14.61 we have that [T] G R a and 
—Kx ■ T > l a \ therefore, for a general x e Locus(V) 

fc 

dimLocus(K) > -K x • V - 1 = -if* • {T + A + ^ I\) - 1 > Z ff + - 1 > n - 2. 

If dimLocus(V r a; ) > n — 1 then X = Locus(VF)l cus(\4) anc ^ Px — 2 against Lemma 
15.41 therefore dimLocus(y c ) = —K x ■ V — 1 = n — 2, hence V is a dominating 
family by Proposition CSS r = r x + T 2 , A = 0, T 1 e R a and -K x ■T 2 = i X - 

For a general a; S Locus(l^) we have dimLocus(M / )L cus(v^) > — 1 by Lemma 
12.111 moreover, since NE(D) — ([W], [V]) and px > 3 by Lemma [5.41 we cannot 
have D = X, hence I? is an effective divisor. 

We will now reach a contradiction by showing that D has zero intersection number 
with every extremal ray of X. 

Let V be any unsplit family whose numerical class is not contained in the plane 
spanned by [W] and [V]; we cannot have dimLocusfVz) = 1, otherwise V would 
be dominating of anticanonical degree 2, against the minimality of V. This implies 
that D ■ V = since NE(L>) = ([W], [V]) implies that D n Locus(y x ) = 0. 
It follows that D ■ T2 = and that D is trivial on every extremal ray not lying 
in the plane {[V], [W]). Since [V] = [Fl] + [r 2 ] and Ti 6 R a , which is a ray not 
contained in the plane spanned by [W] and [V] we have that also D ■ V = 0. 
To conclude it is now enough to observe that we must have D ■ W = 0, otherwise 
ChLocuS2(W / )Locus(v x ) = X, forcing again px = 2. We have thus reached a con- 
tradiciton, since the effective divisor D has to be trivial on the whole NE(X). □ 

Proposition 5.6. Up to replace W with another dominating unsplit family, 
we can assume that E ■ W > 0. 

Proof. Assume that E ■ W = 0, let it be the rcFF-fibration, and let V be a 
minimal horizontal dominating family with respect to n. By Proposition 15.51 we 
know that V is unsplit. 

Case a) V is dominating. 

If E ■ V > the Proposition is proved, so we can assume that E ■ V = 0. 
If F a is any fiber of a we have 

dimLocus(V, W) Fc7 > dimF CT + 2i x - 2 = l a + 2i x - 2 > n - 1. 

Note that, by the assumptions on the intersection numbers, we have Locus(V, W)f„ Q 
E, and therefore Locus(V, W) F a = E; in particular it follows from the above in- 
equalities that i x = 2. 
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We can repeat the same arguments to show that also Locus( W, V) f„ — E; hence 
every curve contained in E is numerically equivalent to a linear combination 

a[V a ] + b[V] + c[W] 

with a, 6, c > by Lemma l2~T8l and therefore NE(£) = (R a , [V], [W]). In partic- 
ular E has nonpositive intersection with every curve it contains. 
Let R$ be an extremal ray such that E ■ R$ > 0; by [181 Corollary 2.15] the associ- 
ated contraction d : X — > Y is a P 1 -bundle; the associated family V® is dominating 
and unsplit and E ■ V > 0, and the proposition is proved. 

Case b) V is not dominating. 

Consider the ic(W, F)-fibration ir' : X *• Z'; Z' has positive dimension 

since by Lemma l5.4l we have px > 3. 

A general fiber F' of tt' contains Locus(V, W) x for some x € Locus(F), hence 
dim F' > 2ix — 1 and thus 

dimZ' < n+1 -2i x < l a . 

A general fiber F a of a is not contained in the indeterminacy locus of n' and 
is not contracted by tt' , since, by Lemma [5T4l [V], [W] and R a are numerically 
independent. Hence we have diraZ' > dimF^ = l a and the above inequalities are 
equalities. 

It follows that ix = 2, dimZ' = l a and F a dominates Z'\ this implies that X = 
ChLocus m ( W, V )f„ for some m. Therefore px = 3 and so, by Lemma [2.18[ the 
numerical class of every curve in X can be written as 

a[V°]+p[W\+l[V], 
with a > 0. This implies that the plane ([V], [W]) is extremal in NE(X). 

The divisor E has to be positive on V, otherwise it would be nonpositive on 
the whole NE(X); since E ■ W — then [W] is in an extremal face with R a by 
Lemma IBTSl Since [W] is also in an extremal face with [V] it follows that [W] spans 
an extremal ray of NE(X), whose associated contraction is of fiber type. 

Let Wy be a minimal dominating family on Y and let W* be a family of 
deformations of the strict transform of a general curve in Wy ■ 
We have —K x ■ W* = —Ky ■ Wy < n: in fact, if —Kx ■ W* = n + 1, we would have 
Y ~ P" by Corollary [372] and so p x = 2. 

Assume that W* is not locally unsplit; then there exists a reducible cycle Y = r« 
in W* such that the family T of deformation of one irreducible component, say Ti 
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is dominating. 

We cannot have E ■ T = 0, otherwise, denoting by T* a family of deformation of 
the image in Y of a general curve in T we would have 

-K x ■ T = -K Y ■ T* < -K Y ■ W Y 

against the minimality of Wy . 

Therefore E ■ T > 0; in this case E must be negative on another component of P, 
say r 2 . By Corollary |4.6l we have that — Kx • T 2 > l a , and thus T = r x + T 2 and 
so —Kx ■ Ti < 2ix and the family T is unsplit and dominating. 
We are left with the case in which W* is locally unsplit. 

Consider Locus(1 /0 ')locus(m / *) f° r a general x G Locus(M / *): it is contained in E 
and, by Lemma [2.111 

dim(Locus(V A<T ) Locus( i V .)) > n - 2 + l a - 1, 
yielding l a <1 and so n = 5, a contradiction which concludes the proof. □ 

Theorem 5.7. Let X be a Fano manifold of pseudoindex ix > 2 and dimension 
n > 6, a contraction a: X — > Y which is the blow-up of a Fano manifold Y 

along a smooth subvariety B of dimension ix- If X admits a dominating unsplit 
family of rational curves W then the possible cones of curves of X are listed in 
the following table, where R a is the ray corresponding to a, F stands for a fiber 
type contraction and -D n _3 for a divisorial contraction whose exceptional locus is 
mapped to a subvariety of codimension three. 



Px 


ix 


Ri 


Ri 


R 3 


i?4 


2 




R a 


F 






3 


2,3 


Ra 


F 


F 




3 


2 


Ra 


F 






4 


2 


Ra 


F 


F 


F 



In particular generalized Mukai conjecture holds for X . 

Proof. Let V 7 be a family of deformations of a minimal rational curve in R a . 
By Proposition 15.61 we can assume that E ■ W > 0; therefore the family V a is 

horizontal and dominating with respect to the rclY-fibration 7r: X >■ Z. 

It follows that a general fiber F' of the the rc(W, Y CT )-fibration n' : X > Z' 

contains Locus(W / )^ (T for some fiber F a of a, and therefore 

dimF' > dim Locus(TY) p a > l a + i x - 1 > n - 2, 

hence dim Z' < 2. 
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If dimZ' = then X is rc(W, F <T )-connected and px = 2; denote by R$ the 
extremal ray of NE(X) different from R a . We claim that in this case [W] E In 
fact, if this were not the case, R$ would be a small ray by Lemma 2.4], but in 
our assumptions we have E ■ R$ > 0, against Lemma 15.31 

We can thus conclude that in this case NE(X) = (R a ,R$) and that R$ is of fiber 
type. 

If dimZ' > take V to be a minimal horizontal dominating family for 7r'; by 
[2l Lemma 6.5] we have dimLocus(V^) < 2, and therefore 

-K x ■ V < dimLocus(y K ') + 1 < 3, 

so V' is unsplit and ix < 3. 

The classes [V a ] and [W] lie on an extremal face £ = (R a ,R) of NE(X), since, 
otherwise, by Lemma 2.4], X would have a small contraction, against Lemma 
15.31 Let TL the pull back via tt of a very ample divisor on Z . 

We know that Ti-W — and H.-R a > 0, since V is horizontal and dominating with 
respect to 7r. It follows that [W] E R (and so R is of fiber type), since otherwise 
the exceptional locus of R would be contained in the indeterminacy locus of 7r, and 
thus the associated contraction would be small, contradicting again Lemma 15.31 

Consider now the rc(W, V 7 , V)-fibration ir" : X > Z": its fibers have 

dimension > n — 1 and so dim Z" < 1 . 

If dimZ" = we have that X is rc(IL r , V , y')-connected and px — 3; by 
Lemma 15.31 every extremal ray of X has an associated contraction which is cither 
of fiber type or divisorial. 

Assume that there exists an extremal ray R' not belonging to a such that its 
associated contraction is of fiber type. 

This ray must lie in a face of NE(X) with R by [1 H Lemma 5.4]. 

HE-R' > we can exchange the role of R and R' and repeat the previous argument, 

therefore R' lies in a face with R a and NE(X) = (R a , R, R'}- 

\iE-R' = there cannot be any extremal ray in the half-space of NE(X) determined 
by the plane (R', R a ) and not containing R, otherwise this ray would have negative 
intersection with E, a contradiction. So again NE(JT) = (R a , R, R'). 

So we can assume that every ray not belonging to E is divisorial. Let R' be 
such a ray, denote by E' its exceptional locus, and by W a family of deformations 
of a minimal rational curve in R'. 

Let F' be a fiber of the rc(W / , l /<T )-fibration ir'; since dimF' > n — 2 we can write 
E' = Locus(W') F >. It follows that NE(£') = {R a , R, R'). In particular E' cannot 
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be trivial on £, otherwise it would be nonpositive on the whole NE(X). 
We claim that R and R' lie on an extremal face of NE(X): if E' ■ R > the family 
W' is horizontal and dominating with respect to tt and so R' and R are in a face 
by [TTJ Lemma 5.4]. If else E 1 ■ R = we have E' ■ R a > 0. It follows that in the 
half-space determined by (R, R') and not containing R a the divisor E' is negative. 
Therefore this half space cannot contain an extremal ray R", since otherwise, the 
exceptional locus of this ray must be contained in E', contradicting the fact that 
NE(J5') = {R a ,R, R'). 

So we have proved that every ray not belonging to X lies in a face with i?, and this 
implies that such a ray is unique and NE(X) = {R a , R, R')- 

Recalling that E' = Locus(W)ir/ and that dimF' > n — 2 we have that every 
fiber of the contraction ip' associated to R' has dimension two; it follows that ix = 2 
and that ip' is a smooth blow-up of a codimension three subvariety by [3J Theorem 
5.1]. 

If dim Z" = 1 consider a minimal horizontal dominating family V" for 7r": in 
this case px = 4, ix = 2 and both V' and V" are dominating. Let F a be a fiber of a: 
then we can write X — Locus(V , V")locus(iv) f • By Lemma [2 . 1 81 every curve in X 
can be written with positive coefficients with respect to V 7 and W; but W, V and 
V" play a symmetric role, so we can conclude that NE(X) = {R a , [W], [V 1 ], [V"]), 
and all the three rays different from R a are of fiber type. □ 

6. Manifolds without a dominating quasi-unsplit family 

In this section we will show that the only Fano manifold as in 14.11 which does 
not admit a dominating quasi-unsplit family of rational curves is the blow-up of 
G(l, 4) along a plane of bidegree (0, 1) (Theorem 16. 7p . In view of Theorem 15 . 71 this 
will conclude the proof of Theorem 11.11 and prove Theorem 11.21 

From now on we will thus work in the following setup: 

6.1. X is a Fano manifold of pseudoindex ix > 2 and dimension n > 6, 
which does not admit a quasi-unsplit dominating family of rational curves and has 
a contraction a: X — > Y which is the blow-up of a manifold Y along a smooth 
subvariety B of dimension ix ■ We denote by R a the extremal ray corresponding to 
a, by l a its length and by E its exceptional locus. 

In view of Corollary 14.41 we can assume that Y is a Fano manifold. We need 
some preliminary work to establish some properties of families of rational curves 
on X and Y. 
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Lemma 6.2. Assume that px = 2. Let W' be a minimal dominating family of 
rational curves for Y and let W* be a family of deformations of the strict transform 
of a general curve in W' . Then —Ky ■ W > n — 1. 

Proof. The family W* is dominating and therefore, by 16. li not quasi un- 
split. Moreover, by Corollary [273] we have E ■ W* — 0, hence there exists a compo- 
nent r* of a reducible cycle F* in W* such that E ■ T* < 0. 
By Corollary |4.6l we have — Kx • T* >l a , and therefore 

-K Y ■ W = -K x - W*>l a +ix=n-l. 

□ 

Proposition 6.3. Let X, Y , R a and E be as in \6.1\ Then there does not exist 
on X any locally unsplit dominating family W such that E ■ W > 0. 

Proof. Assume that such a family W exists; we will derive a contradiction 
showing that in this case n = 5. 

First of all we prove that ix = 2 and that X is rationally connected with respect 
to the Chow family W associated to W and to V a , the family of deformations of a 
general curve of minimal degree in R a . 

Since E ■ W > 0, for a general x € X, the intersection £J(~lLocus(W x ) is nonempty. 
On the other hand, the fact that E ■ V a < yields that the families W and 
V a are numerically independent, and therefore, for every fiber F a of a, we have 
dim(Locus(M^) n F a ) < 0. 

Now, if we denote by F a a fiber of a which meets Locus(W /r a; ), it follows that 

2ix - 1 < -K x ■ W - 1 < dim Locus (W x ) <n- dimF CT < n - l a = i x + 1, 

whence ix = 2, dimLocus(W / a; ) = ix + 1 = 3 and —Kx ■ W — 2ix = 4. 

In particular dim(E n Locus (W x )) = 2 = dimB, hence a(E P\Locus(W x )) = B and 

every fiber of a meets Locus(W r :E ). 

Let x and y be two general points in X; every fiber of a meets both Locus(Wa;) 
and Locus(Wj / ), so the points x and y can be connected using two curves in W and 
a curve in V . This implies that X is rc(W, y <T )-connected. 

Our next step consists in proving that px — 2, showing that the numerical 
class of every irreducible component of any cycle in W lies in the plane II spanned 
in Ni(X) by [W] and R a . 

Let i £ I be a general point; by Lemma 12.111 we have 

dimLocus(V rCT ) Locus (i Vx ) > l a + 2i x - 2 > n — 1, 
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therefore E = Locus(y T ) Locus (vy a; ) and Ni(-E) = II by Lemma 12.181 
We have already proved that — Kx • W = 4 and ix = 2; therefore every reducible 
cycle in W has exactly two irreducible components, and the families of deformations 
of these components are unsplit. 

Let Fi + T2 be a reducible cycle in W; without loss of generality we can assume 
that E ■ Ti > 0. Denote by W 1 a family of deformations of Ti; being unsplit, 
the family W 1 cannot be dominating, hence for every x S Locus(VF 1 ) we have 
dim Locus (W^ 1 ) > 2 by Proposition O Since E n Locus(W :r 1 ) ^ it follows that 
dim(£' (~l Locus(W^)) > 1 for every x S Locus(W^ 1 ), so [W 1 ] 6 II, and consequently 
also [W 2 ] e II; it follows that p x = 2. 

Let now Ty be a minimal dominating family for Y and let T be the family of 
deformations of the strict transform of a general curve in Ty. By Lemma 16.21 we 
have -K x ■ T = -Ky ■ Ty > n - 1. 

By this last inequality, the intersection Locus(I / V r a: ) flLocus^z) for a general x G X 
has positive dimension; since T is independent from W - recall that E ■ T = and 
E ■ W > - the family T cannot be locally quasi- unsplit. 

Therefore, in the associated Chow family T, there exists a reducible cycle A = 
Ai + A2 such that a family of deformations T 1 of Ai is dominating and independent 
from T. 

The family T 1 , being dominating, cannot be unsplit, hence —Kx-T 1 > 4; moreover, 
since T 1 is also independent from T we have E ■ T 1 > 0. It follows that E ■ A2 < 
and so —K x ■ A2 > i CT by Lemma l4~6l Therefore 

-ify • T Y = -K x ■ T > l a + 2i x = n + 1 

so7- P n by Corollary O 

The center B of a cannot be a linear subspace of Y, since otherwise ix + l a — H + 1; 
take ^ to be a proper bisecant of B and let / be its strict transform: we have 

2 = ix < -K x ■T=n+1- 2l a = 4-l a , 

hence l a = 2 and n — 5. □ 

COROLLARY 6.4. iyei A, Y , R a and E be as in \6.1\ Then there does not exist 
any family of rational curves V independent from R a such that V x is unsplit for 
some x S E and such that E C Locus(y). 

Proof. Assume by contradiction that such a family exists. 

First of all we prove that V cannot be unsplit. If this is the case, since on X there 

are no unsplit dominating families it must be Locus(y) = Locus(V) = E. 

We can thus apply Lemma [2.111 a) to get that dimLocus(F)_F (T = n — 1 for every 

21 



fiber F a of a. It follows that E = Locus(V) F(T and therefore NE(£) = (R a , [V]) by 
Lemma 12.181 

Since V is a dominating unsplit family for the smooth variety E we have — Ke ■ V = 
dim Locus (14) + 1, hence, by adjunction, E ■ V < 0; since V is independent from 
R a it follows from Theorem 14.31 that Y is not a Fano manifold, a contradiction. 

Since V is not unsplit we have —Kx ■ V > 2ix and therefore, for a point x G E 
such that 14 is unsplit, we have 

dimLocus(14) > -K x • V - 1 > 2i x - 1. 

On the other hand, since V is independent from we have, for any fiber i4 of 
a, that dimLocus(14) D F a < 0, hence dimLocus(14) < n — l a = ix + 1. 
It follows that ix — 2, — i^x ■ V = 4 and dimLocus(T4) = 3; the last two equations, 
by Proposition 12 . 51 imply that V is dominating. Moreover, since — Kx • V = 4, the 
family V is also locally unsplit, otherwise we would have a dominating family of 
lower degree, hence unsplit. 

Since E n Locus(14) is not empty and we cannot have Locus (14) C E - recall that 
V x is unsplit and V is independent from R a , so Locus (14) can meet fibers of a only 
in points - it follows that E ■ V > and we can apply Proposition 16. 31 □ 

Remark 6.5. If Cy c Y is a curve which meets the center B of the blow-up 
in k points and is not contained in it, then —Ky ■ Cy > n — 1 + (k — V)l a . 

Proof. Let C be the strict transform of Cy: then the statement follows 
from the canonical bundle formula 

-K x - -a*K Y - l a E, 

which yields 

-K Y ■ Cy = -K x ■ C + l a E ■ C > i x + kl a > n - 1 + (k - 1%. 

□ 

Corollary 6.6. Let Wy be a minimal dominating family for Y and assume 
that —Ky ■ Wy = n — 1. Assume that there exists a reducible cycle T in Wy which 
meets B; then T C B and NE(B) = {[Wy]). 

Proof. Let be a component of T: we know that —Ky ■ T, < n — 1, so 
the whole cycle T has to be contained in B by remark [631 

Let W Y be a family of deformations of L.;; the pointed locus Locus(W Y )b is con- 
tained in B for every b £ B, again by remark T6.51 hence 

-K Y ■ W Y < dimLocus(11 7 y)h < dirnB = i x < iy, 
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where the last inequality follows from [7J Theorem 1, (iii)]. 

Therefore T l is unsplit and B = Locus(Wf )&, hence NE(B) = ([W Y ]). It follows 
that all the components I\ of T are numerically proportional, and thus they are all 
numerically proportional to Wy. □ 

We are now ready to prove the following 

Theorem 6.7. Let X be a Fano manifold of dimension n > 6 and pseudoindex 

ix > 2, which is the blow-up of another Fano manifold Y along a smooth subvariety 
B of dimension ix; assume that X does not admit a quasi-unsplit dominating family 
of rational curves. Then Y ~ G(l,4) and B is a plane of bidegree (0, 1). 

Proof. The proof is quite long and complicated; we will divide it into different 
steps, in order to make our procedure clearer. 

Step 1 A minimal dominating family of rational curves on Y has anticanon- 
ical degree n — 1 . 

Let Wy be a minimal dominating family of rational curves for Y , and let W 
be the family of deformations of the strict transform of a general curve in Wy ■ 
Apply [H Lemma 4.1] to W (note that in the proof of that lemma the minimality 
of W is not needed). The first case in the lemma cannot occur by Corollarv l6.41 so 
there exists a reducible cycle L = L CT + Ty + A in W with [T a ] belonging to R a , 
Fy belonging to a family V, independent from such that V x is unsplit for some 

x G E, and A an effective rational 1-cycle. In particular 

(6.7.2) - K x ■ W > -K x ■{r a +T v + A)>l a +i x >n-l. 

By the canonical bundle formula and Corollary 12.31 we have that 

-Ky ■ Wy = -K x ■ W > n - 1. 

If — Ky ■ Wy = n + 1 then Y is a projective space by Corollarv l3.21 The center of a 
cannot be a linear subspace, otherwise X would admit an unsplit dominating family 
of rational curves; then if I is a proper bisecant of B and I is its strict transform we 
have 

2 < ix < -K x ■T=n + l-2l a = 4-l cr , 
hence l a = 2 and n = 5, against the assumptions. 

We can thus assume that —Ky ■ Wy < n. 
Note that, by (|6.7.2[) . the reducible cycle T has only two irreducible components 
Fo- and Fy; moreover the class of T a is minimal in R a , hence E ■ T a = — 1, and 
— Kx ■ V < ix + I- In particular V is an unsplit family. 

Recalling that E ■ W = we get E ■ Ty = 1. Geometrically, a general curve in V 
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is the strict transform of a curve in Wy which meets B in one point; moreover, 
since a curve in Wy not contained in B cannot meet B in more than one point by 
Remark 16.51 we have that 

(6.7.3) cr(Locus(V) \ E) = Locus(WV) fl \ B. 

Assume that — Ky ■ Wy = n; in this case py = 1 by Corollary 13. 51 
For a general point y G Y, we have that Locus(Wy) y is an effective, hence ample, 
divisor, so it meets B. In particular we have dimLocus(WV)B = n, and by (|6.7.3|) 
this implies that V is dominating, against the assumptions since V is unsplit. This 
completes step 1. 

Step 2 The strict transforms of curves in a minimal dominating family on 
Y which meet B fill up a divisor on X . 

Let i be a point in E n Locus(V) and let F a be the fiber of a containing x; 
since dimi 7 ^ + dimLocus(l/r) < n we have 

dimLocus(V^) < n — l a = ix + L 

By inequality 12 . 51 we have that dimLocus(y) > n — 2; since V is an unsplit family 
it cannot be dominating, so we need to show that dim Locus (V) ^ n — 2. 
Assume by contradiction that dim Locus(V r ) = n— 2; in this case, again by inequality 
12.51 for every x S Locus(V) we have dimLocus(Va;) = ix + 1, so for every x e X 
the intersection Locus(T4) (~l 23 dominates B. 

Consider a point x G Locus(l / ) \ 2?, denote by y its image o~(x) and consider 
Locus(Wy) y : since Locus^) R 23 dominates 23, we have 23 C Locus(Wy) !y . But 
cycles in passing through y and meeting B are irreducible by corollary 16.61 
so B C Locus(WV)y and by Lemma [3.11 the numerical class of every curve in B 
is an integral multiple of [Wy]. This fact together with Corollary 16.61 allows us to 
conclude that B does not meet any reducible cycle in Wy. 

We claim that a general curve C of Wy is contained in the open subset U of 
points y G Y such that (Wy) y is proper. If this were not true, then Locus(Wy) \ U 
should have codimension one, and so there would exist a family W Y of deformations 
of an irreducible component of a cycle in Wy whose locus is a divisor; moreover 
this divisor should have positive intersection number with Wy. 
This last condition would imply that Locus(V^y) has nonempty intersection with 
B, since the numerical class of any curve in B is an integral multiple of [WV], but 
we have proved that B does not meet any reducible cycle in Wy , so we have reached 
a contradiction that proves the claim. 
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Therefore we can apply Lemma |3"U1 and get that D := Locus(Wy)c is a divisor 
and py — 1, since in the other case of the lemma we would find a family of anti- 
canonical degree two meeting B, against Remark 16.51 

Being py = 1 the effective divisor D is ample, hence it meets B; therefore for a 
general curve C in Wy there exists another curve in Wy which meets both B and 
C; in other words, a general curve in Wy meets Locus(T4V)s, & contradiction since 
Locus(Wy)s has codimension two in Y by (|6.7.3[) . 

Step 3 The Picard number of Y is one. 

By (|6.7.3[) we have that dim Locus(Wy) b = dim Locus(V) = n— 1. This implies 
that B contains curves whose numerical class is proportional to [Wy], otherwise by 
Lemma 12.111 we would have dimLocus(W / y).B = n. 

If B does not meet any reducible cycle in Wy we can argue as in the claim in 
step 2 and conclude that py = 1. 

If else B meets a reducible cycle in Wy then, by Corollarv l6.6[ every curve in 
B is numerically proportional to [Wy], hence NE(Locus(I / ^V)s) = ([Wy]) and we 
conclude that py = 1 by Lemma T3. 41 

Step 4 The families of deformations of the strict transforms of curves in a 
minimal dominating family on Y which meet B are extremal in NE(X). 

Let D = Locus(V); we have D ■ W > 0, since E ■ W = and Pic(X) = (E, D). 
Therefore Locus(M / , V) x = Locus(V r )L OC us(Wx) ls nonempty for a general x G X, 
and so has dimension > n — 2 + ix — 1 > n — lby Lemma 12.111 It follows that 
ix = 2 and D — Locus(Ir', V) x . 

The last equality, by Lemma l2.18[ yields that every curve in D is numerically equiv- 
alent to a linear combination a[W] + b[V] with a > 0. 

This implies that NE(D) is contained in the cone spanned by [V] and by an ex- 
tremal ray R of NE(X). Since E ■ W = and E ■ V > it must be E ■ R < 0, so 
R = R a and NE(D) = (R a , [V]). 

Let R T be the extremal ray of NE(X) different from R a and denote by r the 
associated contraction. The contraction r is birational, since X does not admit 
quasi-unsplit dominating families of rational curves, therefore its fibers have di- 
mension at least two by inequality 12.61 

We claim that [V] € i? T ; if we assume that this is not the case then D flExc(r) = 0, 
since NE(D) = (R a , [V]}. In particular D ■ R T = 0, so D ■ R a > by [H Lemma 
2.1]. By the same lemma the effective divisor E is positive on R T . 
Let F„ and F T be two meeting fibers of the contractions a and r respectively; we 
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have dim(F a n F T ) — 0, hence 

n > dim F a + dim _F T > l a + / T . 

Therefore, recalling that = 2 and thus l a = n — 3, we have l T < 3, so 

dimExc(i? r ) > n — 2 by inequality 12.61 

In particular, if F a is a fiber of a meeting Exc(r) we have 

dim(F CT n Exc(r)) > Z ff - 2 > 1. 

Let C be a curve in F a n Exc(r); since Z) • > we have D n C ^ (3, hence 
D fl Exc(r) 7^ 0, a contradiction that proves the extremality of [V]. 

Step 5 TTie contraction of X different from a is the blow-up of P™ along a 
smooth subvariety of codimension three. 

Since Exc(t) = D = Locus(M / , V) x every fiber of r is two-dimensional; we can 
apply p2 Theorem 5.1] to get that r: X — > Z is a smooth blow-up. 
Let Tz be a minimal dominating family for Z and T* a family of deformations of 
the strict transform of a general curve in Tz- 

Among the families of deformations of the irreducible components of cycles in T* 
there is at least one family which is dominating and locally unsplit; call it T. 
Being dominating, T cannot be quasi-unsplit, so we have —Kx • T > 4, hence for a 
general x £ X we have dim LocusfT,,;) > 3. Since T is locally unsplit we also have 
NE(Locus(T x )) = ([T]). 

On the other hand dimLocus(Wx) > n — 2, so dim(Locus(T x ) n \jOcv&(W x )) > 1. 
Therefore T is numerically proportional to W, since NE(Locus(W x )) = ([VK]). 
If —Kx ■ T < —Kx ■ W then the images in Y of the curves in T would be a 
dominating family for Y of degree less than the degree of Wy, a contradiction. 
Therefore —Kx ■ T > n — 1 and 

-K z ■ T z = -K x ■ T* > -K x -T + i x >n+l, 

so Z ~ F n by Corollary 13.21 and Tz is the family of lines in Z. 

Step 6 Conclusion. 

Take l a — 2 general sections Hi £ |r*Opn(l)|; their intersection T is a Fano 
manifold of dimension five with two blow-up contractions of length two o\% : T — > Y' 
and T| i: X ^ P 5 . 

By the classification in [11] two cases are possible: either the center of tij is a 
Veronese surface or it is a cubic scroll contained in a hyperplane. The first case can 
be excluded noting that, in our case, the degree of E on a minimal curve in R T is 
one, since E ■ W — and E ■ R a = — 1. 
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It follows that Y' is a del Pezzo manifold of degree five; Y has Y' as an ample section, 
and therefore Y is a del Pezzo manifold of degree five by repeated applications of 
[171 Proposition A.l]. The only del Pezzo manifold of degree five and dimension 
greater than five is G(l, 4). □ 
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